Numerical methods to investigate the utter response and aeroelastic stability of plates made of composite materials, wherein microcracking occurs in the matrix material, are presented. The analytical modeling of the modulus reduction due to microcracks is based on a self-consistent method with a two-phase model and yields reduced moduli of the composites as functions of the crack density distribution. Both a nite difference and a nite element formulation are presented for two-dimensional laminated plates in supersonic ow. From the numerical results, it is shown that the microcracking in composites results in a loss of aeroelastic stability through nonlinear bimodular oscillation as well as by a direct reduction in the bending stiffness. For three-dimensional utter problems, however, reduction in the torsional rigidity and changes in elastic couplings may further decrease the stability. = air density r i j = in-plane stress components in the laminate axes Q r i j = in-plane stress components in the ply axes
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I. Introduction
A LTHOUGH aerospace structures are making greater use of advanced lamentary composite materials than ever before, virtually all of the composites in current use are designed to carry the major loads in bers. That is, matrix material is left largely unloaded.Just how little load appearsin the matrix material depends, of course,on the relativemoduli of bers and matrices.Nevertheless, the integrity of the matrix material plays an important structural role of transferring tensile loads around imperfections or damage in an individual ber reinforcement and shear transfer from one ply to another. In particular, high transverse shear exibilities may result in intolerable decay of vibration and utter performances. 1 Further, composites designed and used so as to have no major loads in the matrix material cannot provide elastic coupling, and there is widespread agreement that elastic coupling can have substantial bene ts. [2] [3] [4] [5] Elastic couplings, in general, require loading the matrix material in composite laminates.
As described by Hill, 6 microcracks are responsible for variations in the properties (primarily stiffness) of the constituentmatrix materials. Composite laminates may develop these cracks at load levels well below the failure load under cyclicor monotonic loading conditions. There has been ample research in the development of theories for solids with microcracks. 6 -12 Budiansky and O'Connell 7 developed the self-consistent model to determine the elastic moduli of isotropic solids with cracks. Laws et al. 8 and Dvorak et al. 9 applied this model to calculate reduced moduli of a cracked orthotropic uniply.
The analysisof a microcrackeduniply has been used to predict the effect of the damage on the performance of a composite structure. In a series of papers, Makins and Adali 13 and Adali and Makins 14, 15 used the theory developedin Refs. 8 and 9 to predict the behaviorof cracked laminates in classical plate problems of bending deformation, buckling, and vibration. However, an important feature in the deformation of microcracked laminates, i.e., nonlinear bimodular deformation, was not identi ed during the course of those studies. The investigationof the frequencycharacteristicswas also limited to cross-ply laminates and therefore did not include effects on elastic couplings. Whereas microcracking in the matrix may have a minor effect on the overall elastic properties of the composite structures, the effects on the aeroelastic moduli of structures, particularly those tailored to provide elastic coupling, can be substantial. To the authors' knowledge, there has been no work reported to this date that properlyaddressessuch issues as they affect the vibration and utter of microcracked laminates. The objectivesof this paper are to identifyand to elucidatethe new nonlinear dynamic phenomenon that arises with microcracked laminated composites and thereby to provide a groundwork for investigation of the effects of transverse microcracks in the matrix on the dynamicand aeroelasticbehaviorof laminatedcompositestructures.
II. Modeling of Microcracks in a Uniply
In a composite laminate, each layer may contain a system of aligned slit cracks that grow in the direction of bers and through the thickness of the ply, perpendicularto the ply's plane. The extent of damage is characterized by the formation of new cracks, not by the growth of existing cracks. The formation of microcracks in a ply reduces the stiffness of the ply and, therefore, changes the overall behavior of the laminate. One way to characterize the crack density of a unidirectionalply is by the parameter b D t / s, where t is the ply thickness and s the length between cracks in that ply, assuming that the crack distributionis uniform (Fig. 1) . Laws et al. 8 and Dvorak et al. 9 proposed an analytical modeling of the microcrack in a uniply, and it will be the basis of our modeling of microcracked composite laminates.
Depending on the ber diameter relative to an effective medium, one can have either a three-phase or a two-phase model. It is generally known that the predictions of the two models are indistinguishable for most ber-reinforced composites where the ber diameter is much smaller than the crack length. 8 According to the two-phase model, the overall stiffness and compliance matrices are given by
where
The numerical evaluation of M is achieved by performing an iteration method on the preceding equations beginning with
Once the cracked compliance M is evaluated, the cracked stiffness can be obtained by L D M ¡1 . The preceding analysis applies only to cases wherein the cracks remain open. When the microcracksare closed, the quanti cation of the reduced stiffness may be nontrivial. 16 In particular, the stiffness matrix does not remain symmetric if slip occurs on crack surfaces. For simplicity, we will assume that the stiffness of a uniply with closed microcracks is equivalent to that of uncracked ply. 
III. Calculation of Reduced
In the general analysis of laminated composites, including vibration and utter, it is often adequate to rely on the two-dimensional stress-strain relations based on the classical laminate plate theory (CLPT). 17 According to the CLPT, the force resultant-strain relations for a full composite consisting of N plies are
and
Once microcracks are formed, some of the nonzero entries of the stiffnessmatricesA, B, and D, particularlythose representingelastic couplingterms, will change from their original magnitudes.Further, new coupling terms, such as bending-extension, that did not exist previously may now be present. The neutral plane position z n is de ned by the equation
For a two-dimensionalplate with exural bending M 11 and in-plane axial load N 11 ,
It is probably obvious that, in many cases, A, B, and D are independent of the neutral plane position of the cracked laminate. This is because all of the open cracks are likely to be on either side of the neutralaxis. Exceptionswould be cases where the laminateis loaded by in-plane forces as well as out-of-plane moments, closing only a portion of the cracked zone. In this case, the through-thickness integrations are taken only over the open portion of the cracked plies with the reduced L i j , and the remaining portion is integrated with L 0 i j . Evaluation of this new stiffness becomes a nonlinear procedure because the location of the neutral axis itself depends on the true stiffness. In this paper, to simplify our problem, we deal exclusively with simply supported laminates that are free of in-plane load.
B. Crack-Opening Criterion
In accordance with our earlier assumption, cracked plies in compression (Fig. 1b) behave as though they are uncracked(b D 0), and those under tension (Fig. 1c) behave according to the crack models. Ultimately, local strain averages at the sites of the cracks will determine the crack opening or closure. In this paper, we adopt the criterion for crack opening or closure as follows: For a cracked ply with index number k and ber angle h (k) , cracks will open if
> 0 and will close if
22 represents the portion of the total strain Q ²
22 in the direction normal to the ber axis that is accommodated by the cracks. The other portion of the total strain is then the average strain of the composite matrix that does not contain any cracks. It can be shown that
a b are the total average strains along the material principal axes of the kth ply. Note that, by a coordinate transformation,
are the total strain components along the laminate axes and l
are the associated direction cosines. In conjunction with the CLPT, Eq. (21) becomes
i j are the elements of uniply compliance matrix for the kth ply.
IV. Nonlinear Bimodular Deformation
In reality, the true distribution of microcracks can be estimated only by static fracture analysis such as given in Ref. 12 . The characteristic load to which the laminate is subjected will then determine the degree and locations of the microcracks inside the laminate. In case of a lifting wing or a panel, the structures are frequently loaded by static bending, making their tension sides prone to microcracking. Therefore, without loss of generality, we will assume that all cracks exist on either half side of the cross section. Figure 2a shows a composite plate consisting of a cross-ply laminate with uncracked plies abovethe midsurfacebut with microcrackingin the plies below. Because the stiffness becomes that of either uncracked or cracked laminate, as determined by the local crack-opening/closure status, it is clear that the response of the cracked laminate can become nonlinear. For instance, when the laminate is subjected to shear loads at two different locations as shown in Fig. 2c , its behavior cannot be obtained by simply superimposing the separate responses obtained under the individualloadingsshown in Figs. 2a and 2b, respectively. Behavior of this nonlinearnature is almost certain to be encountered if the cracked laminate deforms or vibrates about its undeformedposition in which all cracks are just closed. In practice, it is more likely that the cracked laminate will be in a staticallyloaded con guration, which involvescrack openingsor closuresat differentlocationsas an initial condition before any further load is applied. Then the applied load may or may not lead to a nonlinear bimodular deformation, depending on the strain level associated with the load. Examples are shown in Figs. 3a-3c. In this paper, we deal with cracked laminates that vibrate around the at position with small amplitude (Fig. 3b) and hence exhibit the nonlinear bimodular behavior.
V. Nonlinear Supersonic Flutter
Consider a two-dimensional laminated plate that is simply supported at both ends (Fig. 4) . It is assumed that the plate is innite in its transverse direction and the air ow outside is supersonic. No in-plane axial load is considered, as indicated earlier. We consider all microcracks to be in the plies below the neutral axis of the plate. To derive equations of motion, we assume that a thin-plate theory with Kirchhoff hypothesis can accurately yield the strain energy of the laminate. It is also assumed that the plate has negligible kinetic energy associated with the axial displacement u and crack-opening/closure motion. Thus, one obtains equations of motion for small, geometrically linear deformations in the form
where A and D are extensional and bending stiffness and B is the bending-extensioncoupling term. From the linear quasisteady theory, the aerodynamic pressure differential across the panel is (for
In the present study, we do not consider formation of new microcracks during oscillations.Such may actually occur once a dynamic instability is encountered but is beyond the scope of this study. Instead, we concentrate on the initiation of utter. Therefore, the stiffness coef cients will vary with time and space according to the crack-opening criterion discussed in a preceding section. For the case of a cross-ply laminate with cracked plies in the 90-deg direction, Eq. (24) can be approximated as
It can be shown that, for our case, K 22 and L 
Here the superscripts § denote uncracked and cracked states, respectively. If an in-plane axial force exists, or if the plate undergoes large de ections during the oscillation, ascertaining crackopening/closure states will be nontrivial. In a nondimensional form, Eqs. (25) and (26) are reduced to the following single equation:
VI. Methods of Solution
A. Finite Difference Method
One 
The boundary conditions at both ends of the laminate are (for all n)
The initial conditions are given as 5) Calculate P y 1(n C 1) and R y 1(n C 1) . At each node, the proper N g § and N k § , according to the sign of y 3(n C 1) (curvature), must be used.
B. Finite Element Method
Suppose that the plate is divided into M elements of equal length N l . It is assumed that the crack-opening/closure state is piecewise constant within each element. That is, cracks in each element are assumed to be either all open or all closed, based on the average curvature of the element. Expressing total strain, kinetic energy, and work in terms of the nondimensional variables and parameters de ned in the preceding sections, the Hamilton principle equation can be written as
The displacement eld is expressed in terms of shape functions and nodal displacements:
]
T and
In the preceding, linear and cubic Hermitian polynomials are used for N u and N w, respectively. 19 The vector d contains three nodal dis- 
leads to the global assembled equation
Employing Newmark's scheme at (n C 1) ¢D s ,
At each time step, the following iteration is performed. 1) Set
Usually, only a few interations are needed at each time step. As mentioned earlier, the crack opening or closure in each element is determined by the sign of the averaged curvature of the element.
Although the methods of solution described so far include the effect of bending-extension coupling due to microcracks, this effect can be ignored for practical purposes. Indeed, in all of the numerical examples to follow, the magnitudes of nonzero B i j are found to be negligible compared with those of A i j and D i j . Hence, 
VII. Results and Discussion
A. Reduced Stiffness of Cross-and Angle-Ply Laminates
In the rst part of this section,we presentreduced-stiffnessresults for several symmetric composite laminates under different loading conditions. The undamaged uniply properties are those of The next case is that of the angle-ply laminate [ §45] s subjected to the twisting moment M 12 . When used for a lifting surface, this laminate will have the bene cial bending-torsion elastic coupling or the so-called washout effect that can be useful in aeroelastic tailoring. It can be shown that, when plies below the midsurface are cracked, all microcracks will close for M 12 < 0 and open for M 12 > 0 (Fig. 7) . In the following, along with the reduced stiffness, we show estimated percentage changes in the compliance matrices. It is seen that both bending and torsion compliances of the cracked laminate will increase, whereas the bending-torsion coupling will decrease. Hence, the degradation of aeroelastic stability could be serious if such a laminate is designed for use in a lifting surface.
[ §45] s (uncracked): 
Increase in the torsion compliance:
Reduction in the bending-torsioncoupling:
The observationsand conclusionsdrawn in this section should not be restricted to graphite/epoxy laminates. In other words, depending on the ber and matrix materialsused and their volume fractions,the extent to which the matrix cracks affect various laminate moduli can be quite signi cant. Therefore, an appropriate investigationmust be conducted to adequately de ne the impact of the microcracking.
B. Free Vibration Results
In the second part of this section, nonlinear bimodular freevibration responses of the microcracked composite laminates that Figure 8 shows free vibration responses vs time at the midpoint of both the uncracked and cracked plates. It is assumed that the cracked laminate has a bending stiffness that is 10% smaller than that of the uncracked one. The initial de ection is given in the form of sin(p n ), i.e., the rst vibration mode of the uncracked plate. In this position, all of the cracks are initially closed. Hence, the plate starts to vibrate with the uncracked stiffness D 0 . After the rst quarter of its rst cycle, the cracked plate assumes an exact at position in which all cracks are about to open. The plate then moves down with the reduced stiffness D c , and after a half-cycle it resumes the at position. For the remainder of the cycle, the plate moves with D 0 . The subsequentmotion of the cracked plate repeats its rst cycle. This response has a characteristic similar to that of a prismatic bar with bimodular longitudinal stiffness. 20 From Fig. 8 , it can be seen that the period shifting resulted from the bimodular motion. Also, the maximum peak on the negative side is greater than its counterpart on the positive side. The oscillation shown in Fig. 8 should not be termed nonlinear because each half-period of the motion can be completely predicted by linear analysis.
If the initial disturbance displacement is chosen as the second mode sin(2p n ), however, the motion of the cracked plate is quite different, as shown in Fig. 9 . Here, there no longer exists smooth shift of motion between the cracked and uncracked plates as crack opening/closure is not uniform along the plate at any instant of motion. The motion is indeed nonlinearbimodular. Figure 10 shows the free-vibration-modeshapes at different instants during a half-cycle subjected to the same initial condition. Because of the nonlinear nature of this oscillation, the mode shapes do not exactly concur at the midpoint. In fact, the location of the node point oscillates. Figures 9 and 10 also indicate that the maximum amplitude level shifts from one part of a cycle to another. Figure 11 represents responses obtained using different methods. To obtain convergence in thenite difference result, it was necessary to put more than 1000 nodes along the plate. ¡2 for the central difference method were used. Both the nite element and nite difference methods seem to converge well. However, the nite difference method requires much longer computing time because of the large number of nodes required. Figure 12 shows the results of a convergence study using a different number of nite elements for the same cracked plate. The free vibration displacementsare plotted for four such element numbers. Eight elements give results with suf cient accuracy (Fig. 12) .
C. Flutter Responses and Stability Results
In this section, the nonlinear bimodular utter response of the cracked cross-ply laminates considered in the preceding section is explored. All of the responses are subjected to the initial displacement sin(p n ).
In Fig. 13 , panel utter responses for both cracked and uncracked cross-ply laminates are plotted at k D 303. In both cases, aerodynamic damping is suf ciently dominant to damp out the initial disturbances. However, at k D 328.5, the cracked laminate becomes neutrally unstable (Fig. 14) , whereas the uncracked laminate has not yet reached its utter point. Figure 15 shows utter mode shapes of the cracked laminate during a half-cycle of the motion at the critical speed. This utter mode shape resemblesthat of the uncrackedplate. Note that the maximum amplitude occurs at around n D 0.75. But the peak amplitude for N w < 0 is greater than that for N w > 0, as a result of the bimodular oscillation.The effects of nonlinearity,however, do not seem profoundbecause the dominant mode shape is that of the rst vibration mode. It should also be emphasized that, for a given set of parameters, the limit cycle amplitude and frequency are independent of the form of initial conditions. Figure 16 shows a post utter response at k D 344.4, which is the utter boundary for the uncracked laminate. Concerning the cracked laminate behavior in Fig. 14 and the uncracked laminate behavior in Fig. 16 , it appears that a 10% reduction in the bending modulus has resulted in about a 5% reduction in the critical dynamic pressure. As might be expected, then, if the stiffness decreases by 20%, the critical dynamic pressure could drop about 10%, as shown in Fig. 17 . It appears thus that utter stability of a two-dimensional microcracked laminate as indicated by critical dynamic pressure will be reduced as much as half of the percentage reduction in the bending stiffness.
VIII. Conclusion
In this study, a nite difference and a nite element model of microcracked composite plates undergoing two-dimensional nonlinear bimodular utter oscillations have been presented using a two-phase, self-consistent crack model and quasisteady supersonic aerodynamic loads. When the microcracked plate deforms about its static con guration in a nonlinear fashion, it is referred to as nonlinear bimodular deformation. As this was a preliminary investigation of such a phenomenon,no attempt has been made to deal with layups that are used in actual structures. Numerical simulations in the time domain showed that, for the two-dimensional utter problem, microcracks in composites cause reduced aeroelastic stability through a direct reduction in the bending stiffness and nonlinear bimodular oscillation. However, stiffness results of an angle-ply laminate suggested that microcracking can degrade the aeroelastic stability further by reducing the torsional stiffness and bending-torsioncoupling. Future investigations need to be focused on the in uences of microcracking on elastic couplings as well as various stiffness terms and their potential impact on the aeroelastic performances of realistic composite structures.
